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GENERIC PARABOLIC POINTS ARE ISOLATED IN 
POSITIVE CHARACTERISTIC 

KARL-OLOF LINDAHLt AND JUAN RIVERA-LETELIER* * 


Abstract. We study analytic germs in one variable having a parabolic 
fixed point at the origin, over an ultrametric ground field of positive 
characteristic. It is conjectured that for such a germ the origin is iso¬ 
lated as a periodic point. Our main result is an affirmative solution 
of this conjecture in the case of a generic germ with a prescribed mul¬ 
tiplier. The genericity condition is explicit: That the power series is 
minimally ramified, i.e., that the degree of the first non-linear term of 
each of its iterates is as small as possible. Our main technical result is a 
computation of the first significant terms of a minimally ramified power 
series. From this we obtain a lower bound for the norm of nonzero peri¬ 
odic points, from which we deduce our main result. As a by-product we 
give a new and self-contained proof of a characterization of minimally 
ramified power series in terms of the iterative residue. 


1. Introduction 

In this article, we are interested in the dynamics near a parabolic cycle of 
analytic maps in positive characteristic. Recall that a periodic point Co of 
minimal period n of an analytic map / in one variable is rationally indifferent 
or parabolic if (/")^(Co) is a root of unity, and it is irrationally indifferent 
if (FYiCo) is not a root of unity, but |(/")'(Co)| = 1- 

In the complex setting, Yoccoz showed that for an irrationally indifferent 
cycle of a quadratic map there is the following dichotomy: Either the map is 
locally linearizable near the cycle and then each point in this cycle is isolated 
as a periodic point, or every neighborhood of the cycle contains a cycle of 
strictly larger minimal period, see [Yoc95] . In contrast, for an ultrametric 
ground field of characteristic zero only the first alternative occurs: Every 
irrationally indifferent cycle is locally linearizable |HY83| . and hence every 
point in the cycle is isolated as a periodic point. The case of an ultrametric 
field of positive characteristic is more subtle, since irrationally indifferent cy¬ 
cles are usually not locally linearizable, see for example [LinOdl Theorem 2.3] 
or [LinlO] Theorem 1.1]. Nevertheless, every irrationally indifferent periodic 
point is isolated as a periodic point [LRL16] Corollary 1.1]. 


^ This research was supported by the by the Royal Swedish Academy of Sciences and 
the Swedish Research and Education in Mathematics Foundation SVeFUM. 

* This research was partially supported by FONDECYT grant 1141091, Chile. 
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In this paper we focus on parabolic cycles. An analytic map is never 
locally linearizable near a parabolic cycle, except in the trivial case where 
an iterate of the map is the identity near the cycle. Thus, the question that 
remains is whether (non-trivial) parabolic periodic points are isolated. For 
an ultrametric ground field of characteristic zero the answer is affirmative: 
The positive residue characteristic case follows from the fact that periodic 
points are the zeros of the iterative logarithm, see [RLO.'H Proposition 3.6] 
and also |Lub94] for the case where the ground field is discretely valued; 
The zero residue characteristic case follows from elementary facts, see for 
example [LRL161 Lemma 2.1]. 

Thus, it only remains the case of parabolic cycles in positive characteristic. 
In |LRL16| we proposed the following conjecture. 

Conjecture 1.1 f |LRL16| . Conjecture 1.2). In positive characteristic, ev¬ 
ery parabolic periodic point is either isolated as a periodic point, or has a 
neighborhood on which an iterate of the map is the identity. 

Our main result is a solution of this conjecture for generic parabolic pe¬ 
riodic points. 

Main Theorem. In positive characteristic, every generic parabolic periodic 
point is isolated as a periodic point. 

The proof of the Main Theorem relies on the connection between the geo¬ 
metric location of periodic points of power series with integer coefficients, 
and the lower ramification numbers of wildly ramified field automorphisms 
that was established in |LRL16| . Lower ramification numbers of wildly rami¬ 
fied field automorphisms have previously been studied by Sen [Sen69| . Keat¬ 
ing E ea92] . Laubie and Saine [LS98] . Wintenberger |Win04| . among others. 

We now proceed to describe the content and proof of the Main Theorem in 
more precise terms. Replacing the map by an iterate if necessary, we restrict 
to the case of fixed points. Moreover, after conjugating by a translation we 
assume the fixed point is the origin. So, from now on we restrict to study 
power series /(()) such that /(O) = 0 and such that /'(O) is a root of unity. 
We call such a power series parabolic. Finally, after a scale change we can 
restrict to the case of power series with integer coefficients. In the case where 
the ground field is algebraically closed, this last condition is equivalent to the 
condition that the power series is convergent and univalent on the open unit 
disk, see for example [R,Ln3] §1.3]. So these normalizations are analogous to 
those used in the complex setting by Yoccoz in [Yoc95j . 

The genericity condition in the Main Theorem is described explicitly in 
terms of the lower ramification numbers of the map: It requires that the 
lower ramification numbers are as small as possible. Such power series are 
called minimally ramified, see D for precisions. So the Main Theorem is 
a direct consequence of 2 independent facts: 

A. Minimally ramified parabolic power series are generic (Theorem |A] 
in gnj; 
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B. For a parabolic power series that is minimally ramified, the origin is 
isolated as a periodic point fCorollary ICl in ^1.2j) . 

Minimally ramified power series appear naturally when studying “optimal 
cycles” of irrationally indifferent periodic points, see |LRL16| . They were 
first introduced in a more restricted setting by Laubie, Movahhedi, and 
Salinier in [LMS02] . in connection with Lubin’s conjecture in |Lub94j . 

Our main technical result is a calculation of the first significant terms of 
the iterates of power series in a certain normal form (Main Lemma in 
This allows us to give a new and self-contained proof of the characterization 
of minimally ramified power series given in [LRL16] (Theorem |D]in R.3D . 

We proceed to describe our main results in more detail. Throughout the 
rest of the introduction we fix a prime number p and a field k of character¬ 
istic p. 

1.1. Minimally ramified power series are generic. Denote by ord( ) 
the valuation on fe[[C]] defined for a nonzero power series as the lowest degree 
of its nonzero terms, and for the zero power series 0 by ord(O) = -|-oo. 

Definition 1.2. For a power series g{C) in fe[[C]] satisfying ^(0) = 0 and <7^(0) = 
1, define for each integer n > 0 

ord . 

If g{C) is as in the dehnition and n > 1 is such that inid) is finite, 
then io{g), ..., in-i{g) are all finite and we have 

* 0 ( 5 ) < * 1 ( 5 ) < • • • < inig), 

see for example |LRL16l Lemma 3.6]. 

Let /(C) be a parabolic power series in /c[[C]] and denote by q the order 
of //O), so that /'^(O) = 0 and (/'J)'(O) = 1. Then for every integer n > 0 
we have 

pn+i _ I 

( 1 . 1 ) inin > , 

p-1 

see |LRL16[ Proposition 3.2]. This motivates the following definition. 

Definition 1.3. Let /(C) be a parabolic power series in A:[[C]] and denote 
by q the order of f'{0). Then / is minimally ramified if equality holds 
in D for every n > 0. 

Roughly speaking, the following result asserts that among parabolic power 
series with a prescribed multiplier, those that are minimally ramified are 
generic. 

Theorem A. Let p be a prime number, k a field of characteristic p, and F 
the prime field of k. Fix a root of unity 'j in k and denote by q its order. 
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Then there is a nonzero polynomial Mg{xi ,..., X 2 q) with coefficients in Fffi), 
such that a power series /((") in A:[[C]] of the form 

/ +00 

(1-2) /(C) = 7C 1 + 

V i=i 

is minimally ramified if and only if Mg{ci, ■ ■ ■ ,C 2 g) 7 ^ 0 . 

1.2. Periodic points of minimally ramified parabolic power series. 

Now we turn to periodic points of parabolic power series that are minimally 
ramified. For such a power series that has integer coefficients, we estimate 
from below the norm of nonzero periodic points. The estimate is in terms 
of some invariants that we proceed to describe. 

In this section we fix a parabolic power series /(C) in ^[[C]] nnd denote 
by q the order of 7 := f'{0). We assume io{f^) = which is weaker than / 
being minimally ramified. 

The first invariant is the coefficient 6o{f'^) of in so that So{f'^) / 0 
and that 

no = ai+so{nc'^+ ■■■). 

The coefficient ^^{fO is invariant under conjugacy by power series that are 
tangent to the identity at C = 0 iLemma l2.2ji . 

The second invariant is the “iterative residue” introduced in [LRL16( §4]. 
It is a positive character istic an alog of the invariant introduced in the com¬ 
plex setting by Ecalle in [Eca To define it, suppose first 7 = 1 , and let ai 
and 02 in k be such that /(C) is of the form 

/(C) = C (1 + niC + 02O + •••)• 

Our hypothesis io{f) = 1 implies ai 7 ^ 0. The iterative residue resit(/) of / 
is defined by 

resit(/) := 1 - 

of 

Suppose now that 7 7 ^ 1, so g > 2. Then / is conjugated to a power series 
of the form 

(1.3) s(C)=7C^l + E“T''j. 

see Lemma [8.31 or |LBL16( Proposition 4.1]. Our hypothesis io{f‘’) = q 
implies oi 7 ^ 0 (Lemma 12.21 and Corollary 13.11 or |LRL16l Proposition 4.1]). 
The iterative residue resit(/) of / is defined by 

resit(/) := 

2 of 

It only depends on / and not on g. In all the cases resit(/) is a conjugacy 
invariant of /, see [LRL161 Lemma 4.3]. 


'Note that in the case p = 2 the integer q is odd, so 2:^ defines an element of k. 
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Suppose k is endowed with a norm | ■ | and denote by Ok the ring of 
integers of (A;, | ■ |) and by rrifc its maximal ideal. Then the minimal period of 
each periodic point of / in mfc\{ 0 } is of the form qp"^, for some integer n > 0 , 
see for example [LRL16t Lemma 2.1]. 


Theorem B. Let p be a prime number and (A:, | • |) an ultrametric field of 
charaeteristic p. Let f{() be a parabolic power series in Ofc[[C]] CLnd denote 
by q the order of f'{0). Then for every integer n > 1 and every periodic 
point Co of f of minimal period qp'^, we have 


ICol > 


l<5o(/'^)h • |resit(/)|9P 


J<5o(/'')h • |resit(/)(l-resit(/))|4-j 


if p is odd 

or if p = 2 and n = 1; 
if p = 2 and n >2. 


In the case / is minimally ramified, we have resit(/) 7 ^ 0, and also resit(/) 7 ^ 
1 if p = 2, see [LRLIGI Theorem E] or Theorem iDl in 111.31 So the following 
corollary is a direct consequence of the previous theorem and of [LRLIGI 
Lemma 2.1]. 

Corollary C. Let {k, \ ■ \) be an ultrametric field of positive characteristic. 
Then for each parabolic power series in Oa:[[C]] that is minimally ramified, 
the origin is isolated as a periodic point. 


1.3. Strategy and organization. Our main technical result is a calcula¬ 
tion of the first significant terms of the iterates of a power series in A:[[C]] of 
the form (II.3p . This is stated as the Main Lemma in f|3l A direct conse- 
qnence is an explicit condition on the coefficients ai and 02 for the power 
series g{C) to be minimally ramified (Corollary 13.Ijl . Theorem lAl is obtained 
from this result using that every parabolic power series is conjugated to a 
power series of the form (jl.3|) by an invertible map in Ofc[[C]] (Lemma 13.3|] . 
The same strategy allows us to give a new and self-contained proof of the 
following characterization of minimally ramified power series Q see go 

Theorem D ( [LRLlGj . Theorem E). Let p be a prime number and k a field 
of characteristic p. Moreover, let /(C) be a parabolic power series in A:[[C]], 
and denote by q the order of /'(O). If p is odd (resp. p = 2), then f is 
minimally ramified if and only if 

= q and resit(/) 0 

{resp. ioif^) = g,resit(/) 0 , and resit(/) 7 ^ 1 ). 

To prove Theorem El we first prove a version for parabolic power series 
of the Period Points Lower Bound of [LRLIG] (Lemma 12.4|) . Combined with 
the Main Lemma in g3]this yields a lower bound for the norm of the periodic 
points of a power series of the form (|1.3|) (Corollary 13.2|l . Theorem I bI is then 


Mhe proof of this result in [LRL16| relies on [LS98I Corollary 1]; the Main Lemma 
allows us to give a direct proof that avoids this last result. 
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obtained using again that every parabolic power series is conjugated to a 
power series of the form (jl.3[) by an invertible map in Ofc[[C]] (Lemma I3.3j) . 

After some preliminaries in lj2l we state the Main Lemma and deduce its 
Corollaries o and EJ in the first part of (jS) The proofs of Theorems El 
m and [P] assuming the Main Lemma are given in 93.11 Finally, the proof of 
the Main Lemma is given in 0 As mentioned above, the Main Theorem is 
a direct consequence of Theorems El and [Bl 

1.4. Acknowledgement. We would like to thank the referee for comments 
and corrections that helped us improve the presentation. 

2. Periodic points of parabolic power series 

After some preliminaries in 92.11 in 92.21 we give some basic facts about 
periodic points of parabolic power series with integer coefficients. In par¬ 
ticular, we give a general lower bound for the distance to the origin of a 
periodic point (Lemma 12.4h that is used in the proof Theorem [Bl 

2.1. Preliminaries. Given a ring R and an element a of R, we denote 
by (a) the ideal of R generated by a. 

Let (fe, I • I) be an ultrametric field. Denote by the ring of integers of k, 
by nxfc the maximal ideal of Ok, and by k := Okj^^k the residue held of k. 
Moreover, denote the projection in k of an element a of Ok by a; it is the 
reduction of a. The reduction of a power series /(C) in Ofc[[C]] is the power 
series f{z) in k[[z]] whose coefficients are the reductions of the corresponding 
coefficients of /. 

For a power series /(C) in Ofc[[C]]) the Weierstrass degree wideg(/) of f 
is the order in ^[[2;]] of the reduction f{z) of /(C)- When wideg(/) is hnite, 
the number of zeros of / in m^, counted with multiplicity, is less than or 
equal to wideg(/); see for example |Lann2[ §VI, Theorem 9.2]. 

A power series /(C) in Oa:[[C]] converges in mfc. If in addition |/(0)| < 1, 
then by the ultrametric inequality / maps rtifc to itself. In this case a point Co 
in mfc is periodic for /, if there is an integer n > 1 such that /""(Co) = Co- In 
this case Co of period n, and n is a period of Co- If in addition n is the least 
integer with this property, then n is the minimal period of Co and (/"')/Co) 
is the multiplier of Co- Note that an integer n > 1 is a period of Co H and 
only if it is divisible by the minimal period of Co- 

The following definition is consistent with the dehnition of 5o(') in the 
introduction. 

Definition 2.1. Let p be a prime number and k field of characteristic p. 
For a power series g{C) in A:[[C]] satisfying ( 7 ( 0 ) = 0 and g'{0) = 1, define 
for each integer n > 0 the element 5nig) of k as follows: Put Snig) ■= 0 
if in{g) = + 00 , and otherwise let Sn{g) be the coefficient of in the 

power series g^ (C) — C- 
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Note that in the case where inid) is finite, 6n{g) is nonzero. Moreover, if k 
is an ultrametric field and g{C,) is in OfeiKlli then gP (C) — C is also in C1 a:[[C]]) 
and therefore 5n{g) is in Ok- 

Lemma 2.2. Let p be a prime number and k field of characteristic p. More¬ 
over, let f{Q and /((") be parabolic power series in A;[[(^]] and denote by q 
the order o//'(0). Suppose there is a power series h{C) in ^[[C]] such that 

h{0) = 0, h'{0) 7 ^ 0, and f o h = ho f. 

Then f'{0) = f'{0) and for every integer n > 0 we have 

inir) = inin and dnif) = • 5nin. 

Proof. From foh = hofwe have /'(0)/i'(0) = h'{0)f'{0). Together with 
our assumption h'(0) 0 this implies f'{0) = f'{0). 

Fix an integer n > 0, and note that o h = ho fiP". If i„(/) = +oo, 
then = 0 and = C- This implies /'^^"(C) = C, so in(/‘') = 

+CX) and dn{f^) = 0. This proves the lemma when inif) = +oo. Interchang¬ 
ing the roles of / and /, this also proves the lemma when inif) — +c>o. 
Suppose inif) and inif) are finite, and put 

+00 

in ■■= *n(/''), in ■= iniP), and hiC) = C • X] 

i=0 

Then we have 

o hiC) = C (co + ciC H-h Ci„C") (l + ^nif^)icoCy") mod ((*-+2) 

= C ^Co + CiC + • • • + ^ + c}f^^5nif'^)'j 

mod , 

On the other hand, 

h o PiC) = C (l + SniP)C") (co + ciC H-h (fiX") . 

= C (co + ciC H-h ^ + (yfir, + aodniP)^ C"'^ 

mod ^(^*"+2^ , 

Comparing coefficients and using that cq, dnifi^), and Snif^) are all different 
from zero, we conclude that in = in and that Snif^) = c^Q^nif^), as wanted. 

□ 

2.2. Periodic points of parabolic power series. The following lemma 
is well-known, see for example |LRL16[ Lemma 2.1] for a proof. 

Lemma 2.3. Let p be a prime number and k an ultrametric field of charac¬ 
teristic p. Moreover, let /(C) be a parabolic power series in A:[[C]] and denote 
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by q the order o//'(0). Then q is not divisible by p, and the minimal period 
of each periodic point of f is of the form qp^ for some integer n > 0. 

The following lemma is a version of [LRL161 Lemma 2.3] for parabolic 
power series, with a similar proof. We have restricted to ground fields of 
positive characteristic for simplicity. It is one of the ingredients in the proof 
of TheoremiBl Before stating the lemma we recall that for a power series /(C) 
in Clfc[[C]]j tbe Weierstrass degree wideg(/) of / is the order in fe[[z]] of the 
reduction f{z) of /(C)- 


Lemma 2.4 (Periodic points lower bound for parabolic series). Let p be a 
prime number and (/c, | • |) an ultrametrie field of characteristic p. Moreover, 
/(C) a parabolic power series in Ofc[[C]] and denote by q the order 
of f'{0)- Then the following properties hold. 

1. Let wq in rrifc be a periodic point of f of minimal period q. In the 
case q = I, assume tco / 0. Then we have 

( 2 . 1 ) \wo\ > mniT 

with equality if and only if 


( 2 . 2 ) wideg (/''(C) - C) = *o(/'^) + g + 1- 


Moreover, if 112.^) holds, then the cycle containing wq is the only 
cycle of minimal period q of f in mk\ {0}, and for every point w'q 

in this cycle Iicq] = |5o(/'^)h- 

2. Let n>l be an integer and Co in nxfc a periodic point of f of minimal 
period qp"^. If in addition inif‘^) < + 00 , then we have 

1 


with equality if and only if 


(2.3) 


iCol > 


W) 


Sn-l{f^) 


(2.4) 


wideg 


/ fip-{c)-c \ 

(^/,p-i(c)_c; 


inin-in-iin+qp^. 


Moreover, if holds, then the cycle containing Co the only 

cycle of minimal period qp^ of f in m.k, and for every point Co in 


this cycle jCo 


JrJJf) 



The proof of this lemma is below, after the following lemmas. 


Lemma 2.5. |LRL16l Lemma 2.2] Let (fe, j • j) be a complete ultrametric 
field and g{C) a power series in Oa:[[C]] such that lg(0)j < 1. Then for each 
integer m > 1 the power series g{C) — C divides g'^iC) — C tn Clfc[[C]]- 

Lemma 2.6. Let k be a complete ultrametric field and let /i(C) be a power 
series in Okf\C\\- U f, is a zero of h in mk, then( — f, divides h{Cf) mOfc[[C]]. 
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Proof. Put r(C) = C + C and note that h o T{() vanishes at C = 0 and is 
in Ofc[[C]]- This implies that ( divides hoT{() in Ofc[[C]]- Letting g{() := 
h o it follows that the power series g o — f) is 

in Ofc[[C]]) as wanted. □ 

Proof of Lemma \2.4\ Replacing k by one of its completions if necessary, as¬ 
sume k complete. 

We use the fact that, since |/^(0)| = 1, the power series / maps to 
itself isometrically, see for example [RLOSt §1.3]. We also use several times 
that when wideg(/) is finite, we have: 

I. The Weierstrass degree wideg(/) of / equals the degree of the lowest 
degree term of / whose coefficient is of norm equal to 1; 

II. The number of zeros of / in rrifc, counted with multiplicity, is less 
than or eqnal to wideg(/). 

1. To prove (12.ip . let wq in rrifc be a periodic point of / of minimal period q. 
Note that every point in the forward orbit O of wq under / is a zero of the 
power series (/“^(C) “ O/C) and that the coefficient of the lowest degree term 
of this power series is 6o{f'^). On the other hand, O consists of q points, and, 
since / maps to itself isometrically, all the points in O have the same 
norm. Applying Lemma 12.61 inductively with ^ replaced by each element 
of O, it follows that “ '^o) divides f^{C) — C ia Ofc[[C]]- That is, 

the power series 

(2.5) LLlzl/ n (C _ 

is in Ofc[[C]]- Note that the lowest degree term of this series is of degree io(/^) 
and its coefficient is 

( 2 - 6 ) &(/’)/ n 

uiqSO 

which is therefore in Ok- We thus have 

(2-7) n WISIW’)!. 

uIqGO 

and therefore dZH). Moreover, equality holds precisely when the coeffi¬ 
cient (|2.6p of the lowest degree term of (12.5|] has norm equal to I. Thus, 
in view of Fact I stated at the beginning of the proof, it follows that 
equality in p.7p, and hence in holds precisely when the Weierstrass 

degree of (12.5p is equal to io{f^). On the other hand, the cardinality 
of O is equal to q, and therefore the Weierstrass degree of (12.5p is equal 
to wideg(/'^(C) — C) ~ I? ~ I- Combining these facts we conclude that equality 
in (12.ip holds if and only if we have (|2.2h . Finally, using the cardinality of O 
together with Facts I and II above, when this last equality holds, the set O 
is the set of all zeros of (/'^(C) ~C)/C so O is the only cycle of minimal 

period q of f. This completes the proof of part I. 
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2. To prove (j2.8p . let n > 1 be an integer such that < +oo, 

and Co in nxfc a periodic point of / of minimal period qp^. By Lemma 12.51 
with g = ^ and m = p, the power series \C) “ C divides (C) “ C 

in Ofc[[C]]- Note that every point in the forward orbit O of Co in m-k under / 
is a zero of the power series 


h{C) := 


/'^^”(C)-C 

/®"-'(C)-C’ 


and that the lowest degree term of this power series is of degree — 

and its coefficient is equal to 


6{h) := 




On the other hand, O consists of qp^ points, and, since / maps mfc to itself 
isometrically, all the points in O have the same norm. Applying Lemma 12.61 
inductively with C replaced by each element of O, it follows that Uc'eoiC- 
Co) divides h{() in Ofc[[C]]- In particular, the power series h{()/ o(C Co) 
is in Clfc[[C]]; so the coefficient of its lowest degree term, 


( 2 . 8 ) 



is in Ok- We thus have 

(2.9) ICol®" = n KSI a 

C^GO 

and therefore (j2.3n . Note that equality holds if and only if the lowest degree 
coefficient (|2.8p of the power series h{()/ nf'eo(C“Co) I^ns norm equal to 1. 
In view of Fact I stated at the beginning of the proof, we conclude that 
equality in (j2.9l) . and hence in ()2.3I1 . holds if and only if 


Snin 

Sn-lifl) 


widegj/i(C)/ =*ri(/'^)-*n-i(/'')• 

\ CoGO / 

On the other hand, the cardinality of O is equal to qp'^, and therefore we 
have 


wideg 


KC)/ n(C-Co) 


C^GO 


= wideg 


/ f<ip-{c)-c \ 

V/''^"-^(c)-cy 


- qp 


n 


Combining these facts, we conclude that equality holds in (12.3p if and 
only (|2.4p . Finally, using the cardinality of O together with Facts I and II, 

when this last equality holds O is the set of all zeros of in trifc, 

so O is the only cycle of minimal period qp^ of /. This completes the proof 
of part 2, and of the lemma. □ 
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3. A REDUCTION 


In this section we prove Theorems El [Bl and [D] assuming the following 
result, which is proved in 0 Note that for an odd integer q, each of the 
numbers and is an integer, and therefore defines an element 

on each field of characteristic 2 . 

Main Lemma. Let p be a prime number, k a field of characteristic p, 
and q > 1 an integer that is not divisible by p. Given ^ ink such that 7 *? = 1, 
let g{Cf) be a power series in A;[[C]] of the form 


(3.1) 


+ 00 

5(0 = 7C I 1 + 

j=i 


Then we have 

(3-2) 5'^(C) = C ( 1 + ^“iC'^ + Q 


q^-1 


+ mod 


Moreover, if for a given integer n > 1 we put 


Xq,n 




goi 


^ ”-1 a+lnf- 


V 2 


02 


- “2 
— 02 


2 n-l_i 


p"-l 

P-1 


(2±iaf - 02 


if p is odd; 

if p = 2 and n = 1 ; 

if p = 2 and n > 2, 


and 


iq,n 


-qa[ ^-1 ( 2+i„2 _ 


2’^—! / 2 1 
^02 (of - 02 ) 

then we have 


2^1-1 


02 


p—1 


if p is odd; 

ifp = 2 , 


n+l_, p"+l-l 

1 „-l +■? 


(3.3) g'^P'^ (C) = C { 1 + + ^q,nC 


mod ( p-i 


^- --\-2q-\-l\ 


/ 


The proof of the Main Lemma is given in @ We now proceed to state 
some corollaries of this result that are used in the proofs of Theorems Em 
andini which are given in N3.1I 

Corollary 3.1. Let p be a prime number and k a field of characteristic p. 
Moreover, let ^ be a root of unity in k, denote by q its order, and let g{Q be 
a power series in /c[[C]] of the form (13.ip . If p is odd (resp. p = 2), then g 
is minimally ramified if and only if 

oi 7^ 0 and 02 7^ —of [resp. oi 7^ 0,02 7^ 0, and 02 7^ of) . 


2 
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Proof. When p is odd the corollary is a direct consequence of (j.S.2p and 
in the Main Lemma. In the case p = 2 the integer q is odd, so we have q = 1 
in k, and therefore by (13.21) we have g‘^{C) = C(1 + mod 

Moreover, in k we have either 


= 0 and = 1, 


A 

or —-— = 1 and —-— = U, 


so either Xq,i = ~ “ 2 ) or Xq,i = and for each integer n > 2 we 

have either 


_1/!Z \'Z"'~ Z"'~ ^ I 'Z \V 

Xq,n = -0102 (Oi - 02 ) Or Xq,n = OlOa (Oi - 02 ) 


1-1 


In view of (13.3p , we conclude that g is minimally ramified if and only if ai 7 ^ 
0, 02 7 ^ 0, and 02 7 ^ of. This completes the proof of the corollary. □ 


Corollary 3.2. Let p be a prime number and (/c, | • |) an ultrametric field 
of eharacteristie p. Moreover, let x be a root of unity in k, denote by q 
its order, and let g{() be a power series in Clfc[[C]] of the form (13.111 . Then 
for every integer n > 1 and every periodie point ^0 *0 of g of minimal 
period qp"^, we have 


(3.4) 


ICol > 


1 


_ 2 _ 

qp 


— 02 


- 02 


J 02 (of - 02 ) I ‘‘1 


if p is odd; 

if p = 2 and n = 1 ; 
if p = 2 and n >2. 


Moreover, if wo is a periodie point of g in mk\ {0} of minimal period q, 
1 

then Itcol > loil^. If in addition oi = 0, then we also have the bound Ircol > 
1 

|02h • 


Proof. We use several times the fact that by definition p does not divide q 
and so |g| = 1 . 

We first consider the case re = 0. If oi 7 ^ 0, then by (13.21) in the Main 
Lemma we have do {g^) = qai. Together with (12.11) in Lemma 12.41 this 

1 1 

implies |re;o| > loil^. Suppose oi = 0. Then we have |re;o| > loili trivially. 

1 

If 02 = 0, then the inequality Itcol > |o 2 |i also holds trivially. If 02 7 ^ 0, 
then by (13.2p in the Main Lemma we have So{g‘^) = qa 2 . Then by (12.ip in 

17^—n i 

Lemma 12.41 we obtain the non-trivial bound |re;o| > 10211 . 

We now consider the case where re > 1 and Xq,n 7 ^ 0. By the Main Lemma 
we have 5n{g^) = Xq,n- If in addition re > 2, then our assumption Xq,n / 0 
implies Xq,n-i 7 ^ 0, and by the Main Lemma we have 5n-i{g'^) = Xq,n-i- 
Combined with (j2.3p in Lemma 12.41 this implies 


> 

Xq,n 

IP" j Ol 

1_2_ 
q qp . 

^of - 02 


Xq,n—1 

1 l ®2 

(of - 02 ) 1 "1 


qp 


if p is odd; 
if p = 2 . 
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Suppose n = 1. Our assumption Xq,i / 0 implies oi ^ 0, and by (13.2p in the 
Main Lemma we have So{g'^) = qai. Then by (12.3^ in Lemma 12.41 we have 


iCol > 


Xq,l 

/ 

J_ 

qp 

qai 

K 


1 

loih’ 


qp 


^al - 02 


- 02 
L 

2q 


if p is odd; 
if p = 2. 


It remains to consider the case where n > 1 and Xq,n = 0. If p is odd, 
then Xq,n = 0 implies oi = 0 or ^^of — 02 = 0. In both cases the in¬ 
equality (13.4p holds trivially. Suppose p = 2 and n = 1. Then our as¬ 
sumption Xq,i = 0 implies oi = 0 or ^^o^ — 02 = 0. In the latter case the 
inequality ()3.4p holds trivially, so we assume oi = 0 and ^^of — 02 7^ 0, and 
therefore 02 7^ 0. Then bv 13.21 and (j3.3jl in the Main Lemma we respectively 
have 

'^ 0 ( 5 '') = qa 2 and = - 03 . 

So, by (j2.3h in Lemma [2.41 we have |Co| > which is (13.4p in this 

particular case. It remains to consider the case where p = 2 and n > 2. 
Note that our assumption Xq,n = 0 implies that Xq , n-i = 0. If either oi = 0 
or 02 = 0 ^, then the inequality (13.4p holds trivially, so we assume oi 7 ^ 0 
and 02 7^ of. Then 7^ 0 and 7^ 0. Since Xq,n = Xq , n-i = 0, by the 

Main Lemma we have 


— Cq,n and — ^q^n—1- 

Together with (12.3p in Lemma 12.41 this implies 


1 



This completes the proof of the corollary. 


□ 


3.1. Proof of Theorems [Bl and |D] assuming the Main Lemma. 

The proofs are given after the following lemma, which is an enhanced version 
of |LRL16l Proposition 4.1]. 


Lemma 3.3. Let p be a prime number, let k a field of characteristic p, 
and denote by F the prime field of k. Fix a root of unity ^ in k different 
from 1, and denote by q > 2 its order. Then for every integer l>\ there 
are polynomials 

ae{xi,... ,xe) and fifixi,... ,xeq) 

with coefficients in F{'y), such that the following property holds. For every 
power series f{C) in A:[[C]] of the form 


+ 00 


1 + OiC j , 


i=l 


fiC) = 7 C 
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the power series 


HO ■= C 


in A:[[C]] is such that 


+ OD 


■3Q 


ho f oh ^(C) =7C |^l+^/5i(ci,...,Cjq)C 

Proof. Put Foo := F{'y)[xi, X 2 , ■ ■ ■] and for each integer m > 1 put Fm ■= 
F( 7 )[xi, ..., Xm]- Moreover, consider the power series /((") in Foo[[C]] defined 

/(c) :=7C (i+Erf). 

Let so(C) /io(C) be the polynomials in F( 7 )[i^] defined by 
so(C) := 1 and ho{C) := (■ 

We define inductively for every integer i > 1 polynomials S£{C) and h^H) 
in F£[(^] of degrees at most ^ + 1 and ^ , respectively, such that 


(3.5) 
and 

(3.6) 


he{C) = he_i{C) mod 


seiO = 'Sf-i(C) mod ( ^ 


i-1 


and such that the power series //(C) '■= hi o f o hf, ^(C) in Foo[[C]] satisfies 

(3.7) //(C) = 7 Cs/(C'^) mod • 

Note that 

/o(C) :=/io o / o V^(C) =/(C) = 7C mod (C^) , 
so (|3.7I) is satisfied when 7 = 0 . Let 7 > 1 be an integer for which s/_i(C) 
and /i/_i(C) are already defined and satisfy (j3.7h with 7 replaced by 7 — 1 . 
Then there is A{xi, ..., x/) in Fi such that 

//_i(C)= 7 C('S/-i(C'^)+^( 2 ;i,...,a:£)C^) mod (C^^^) • 

In the case where 7 is divisible by q, the congruence ()3.7p is verified if we 
put 

I 

HiO ■= H-iiO and s/(C) := s/-i(C) +-4(xi,... ,x/)C'J. 

Suppose 7 is not divisible by q. Then 7 ^ — 1 7 ^ 0, and 

B{xi, ..., X/) := -{H - l)"^^(xi, ... , X/) 
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defines a polynomial in Fg^. Consider the polynomial 

HO := C (l + B{xi, 

in -F)[C] and put 

hi{C) := hohi-i{0 and sg(0 '■= S£-i(C)- 

Then we have 

feiO = hgo f ohJ^iO = ho fg_i o 
so there is C{xi ,..., xg) in Fg such that 

feiO = tC ('S£-i(C‘') + C{xi,.. .,xg)H'^ mod 

= 7C {sg{0) + C{xi ,..., xg)H^ mod ■ 

Thus, to complete the proof of the induction step it is enough to show 
that C(xi,..., xg) = 0. To do this, note that by our definition of -B(xi,..., xg) 
we have 

h o fg-iiO = fi-iiO (l + B{xi,xg)fg-iHY'^ 

= 7C + Mxi, • • •, xg)H^ (^1 + B{xi ,..., xg)H0') 

mod 

= lC (si-i{0) + {a{xi, ... ,xg) + B{xi,... ,xg)H^ 
mod 

= 7C (s£-i(C‘') + B{xi ,..., xg)H'^ mod • 

On the other hand 

fg o h{0 = 7^(0 (s£-i(^(C)'') + <^( 2 : 1 , • • •, xg)hHY'^ niod 

= 7C (1 + B{xi ,..., xg)(f^ (C"^) + C{xi,xg)0^ 
mod 

= 7C (sf-i (C'') + {B{xi, ...,xg) + C(xi,..., xg))H'^ 

mod . 

Comparing coefficients we conclude that B{xi ,..., xg) = 0. This completes 
the proof of the induction step and of (13.7p . 

For each integer .^ > 1 let ag{xi ,..., xg) be the coefficient of in hg{Q 
and let I3g{xi,... ,Xqg) be the coefficient of H in Then the power 
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senes 


+00 


HO := C 1 + X] • • • > 


i=i 


in -Foo[[C]] is invertible, and by (I3.5jl . (13.6p . and (I3.7h we have 


+ CXD 


3Q 


hofoh ^(C) =7C l + 

V i=l 

The proposition is obtained by specializing, for each integer i > 1, the 
variable Xi to Cj. □ 

Proof of Theorem HI Put 

{xi{xl-X2) ifpisodd; 

Mi(xi,X2) := < I 2 \ -t o 

|^a:iX 2 [xf - X 2 ) II p = 2, 

and for q > 2, let /?i(xi,..., Xg) and /32(xi,..., X 2 q) be the polynomials given 
by Lemma [331 and put 

Mq{xi, X2q) := ...,Xq) . . . , Xqf - I32{xi, . . . , X2q'^ , 

if p is odd, and 
Mq(xi, . . .,X2q) 

:= /3l(xi, . . . ,Xq)/? 2 (xi, . . .,X2q) (/3l(xi, . . .,Xqf - /32(xi, . . ■ , X2q)) , 

if p = 2 . 

By Corollary 13.11 in all the cases we have that a power series /((") in k[[C]] 
of the form p. 2 l) is minimally ramified if and only if Mq{ci ,..., C 2 q) 7 ^ 0. So, 
it only remains to prove that Mq{xi ,..., X 2 q) ^ 0. When q = I this follows 
from the definition. To prove that Mq{xi,... ,X 2 q) is nonzero when q > 2, 
note that by Corollary 13.II at least 1 of the following polynomials in T( 7 )[(^] 
is minimally ramified: 

7C(1 + C''),7C(1 + C'' + 7C'''). 

Thus, either 

Mq( 0 , .^. , 0 , 1 , 0 , .^. , 0 ) or Mg( 0 ,.^. , 0 , 1 , 0 , .^. , 0 , 7 ) 

q-l q q-1 q-1 

is nonzero. This completes the proof of the theorem. □ 

Proof of TheoremlM Suppose 7 = 1 , so that q = I, and let ai and 02 be 
such that 

/(C) = C (1 + oiC + a20) mod (C^) • 

Since io{f) = 1, we have ai 7 ^ 0 and 6o{f) = ai, so by definition 


resit (/) = 1 — 


^2 • 
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So the desired assertion is given by Corollary 13.21 

Suppose 7 / 1, so that q >2. By Lemma [3^ there is a power series h{() 
in Ofc[[C]] of the form 

/ +00 

^(C) = c 1 + 

V £=1 

such that g((} := ho f o is of the form ()3.ip . In particular, /i(Co) is 

a periodic point of g in rrifc of minimal period qp^. Furthermore, 



l^(Co) - Col 


ICol- 


+00 


e=i 


< iCol^ < ICoIj 


so |/i(Co)| = ICol- On the other hand, by Lemma [2.21 (13.2p in the Main 
Lemma, the fact that f'{0) = g'{0), and our hypothesis = q, we have 


(3.8) io(/'') = io{g'^) = q and 6o{f) = 5o{g'^) = goi. 


So, ai ^ 0 and by definition 
(3.9) resit(/) = 

Then the desired estimate is a direct consequence of Corollary 13.21 applied 
to g, using |/i(C’o)| = ICol and that q is not divisible so |g| = 1. □ 


Proof of r/ieoremO If 7 = Ij and therefore q = 1, then the desired asser¬ 
tion is given by Corollary 13.11 with g = f. 

Suppose 7 7 ^ 1, so that q > 2. By Lemma [313] there is a power series h{() 
in A:[[C]] satisfying h{C) = ( mod (C^)) such that g(() \= ho f o h~^{C,) is 
of the form ()3.ip . Suppose / is minimally ramified. Then io{f^) = q and by 
Lemma 12.21 the power series g is minimally ramified. Moreover, by Corol¬ 
lary [3T] we have ai ^ 0, so by definition we have (13.9p . Then Corollary 13.11 
implies that resit(/) ^ 0, and when p = 2 that resit (/) ^ 1. This completes 
the proof of the direct implication when q > 2. To prove the reverse implica¬ 
tion, suppose io{f‘^) = q, resit(/) ^ 0, and whenp = 2 that resit(/) 1. By 
Lemma 12.21 and (13.21) in the Main Lemma, we have (j3.8p and ai 0. So, by 
definition we have (13.9p . Thus our assumptions on resit(/) and Corollarv l3.ll 
imply that g is minimally ramified. By Lemma [2.2l the power series / is also 
minimally ramified. This completes the proof of the reverse implication in 
the case q > 2, and of the theorem. □ 


4. Generic parabolic points 

The purpose of this section is to prove the Main Lemma stated in (|3l The 
main ingredient is the following lemma, which is the case where q = 1 and 
n > 1. Note that the Main Lemma is trivial in the case where q = 1 and 
n = 0. The proof of the Main Lemma is at the end of this section. 






Proof. The proof is divided into Cases 1.1, 1.2, 1.3 and 2. 

Case 1.1. p = 3 and n = 1. For each integer m > 1 dehne the power 
series Am(C) iii ^[[C]] inductively by Ai(C) := /((") — (, and for m > 2 by 

A^(C) :=A^_i(/(C))-A^_i(C). 

Note that A 3 (C) = /^(C) — C- By definition Ai((^) satishes 
Ai (C) = aC^ + bC^ + cC^ mod (C®> . 

Using p = 3, we have 

A 2 (C) = aC^ (l + aC + 6C^ + cC^)^ - 1 + [(1 + aC)^ - l] mod (C®) . 

Note that 

(l + aC + 6C^ + — 1 = 2af + 2bf‘^ + 2cC^ + + 2a6C^ mod 

= —a( + (o^ — ft) — {ab + c)C^ mod (C^) . 
Consequently, using p = 3 we thus have 

A 2 (C) = —+ a (a^ — b) — [a^b + ac) + acf^ mod (C®) 

= -a^C^ + a (a^ - b) mod (C®) , 

and 

A3(C) =(l + aC + - 1 +a(a^-6)C^ (l + aC + - 1 

— a^6C^ [(1 + aC)^ “ l] ™od (C'^) 

= -a^C® + (a^ - 6) C® + ab {a^ - 6) C® + mod (C^> 

= (a^ — b) — a (a^ — 6)^ mod (C'^) • 
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This completes the proof in the case where p = 3 and n = 1. 

Case 1.2. p > 5 and n = 1. For each integer m > 1 define the power 
series Am(C) ^[[C]] inductively by Ai(C) := /(C) “ C; for m > 2 by 

A^(C) := A^_i(/(C))-A^_i(C). 

Note that Ap(C) = /^(C) “ C- 
We first prove 

(4.2) Ap_3(C) =V - V mod (C^) • 

To prove this, for integers m > 1 define am and /3m in k inductively by 

TTl 

(4.3) ai := 0, am+i-={m + 2)am + {m + l)l — , 
and 


(4.4) /3i := 1, /3m+i := (m + 2)/3m + (m + 1)!. 

We prove by induction that for m > 1 we have 

(4.5) Am(C) = mla^C+^ + {ama^+^ + /3ma^-H) mod • 

When m = 1 this is true by definition. Let m > 1 be such that (j4.5p holds. 
Then 


Am+i(C) = mla^r+^ [(1 + aC + - l' 

+ (ama™+i + Pma^-^b) [(1 + aC)”^+" 


-1] 

mod (C™+^) . 


Note that 


(l + aC + - 1 = (m + l)oC + ^(m + 1)6 + ^2 

mod (C^) • 

Consequently, 

Am+i(C) = (m + + ((m + l)!a™6 + (m + l)!^a’"+2) C+3 

+ ((m + 2)ama™+^ + (m + 2)/3ma'"6) C™+^ mod . 
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This completes the proof of the induction step and proves (j4.5l) . To prove (j4.2l) , 
first note that by (j4.3p and using ai = 0, we have for m in {2,... — 3} 


(y.r. 


(m + 1)! m\ 


ttm-l 1 m-1 

2 m + 1 
1 


_ 1 1 

ml 2 
ai m — I 
~ 2 


m + 1 


1 1 
^ 3 m + 1 


m-1 /I 1 

~ V3 m + 1 


m + 2 /II 1 

“‘^ + 2 + 3 + '" + ;;7tt 


Consequently, for m = p — 3, using (p — 2)! = 1 we obtain aps = — So, 
to complete the proof of ()4.2I1 it is enough to show that /Sp-s = 0. To do 
this, note that using /3i = 1 we have for every m in {2,... ,p — 3} 


Pn 


Pm— 


(m + 1)! 


+ 


1 


ml 'm + 1 

Pi 1 1 

— 3-^-^- 

2! 3 m + 1 


1 1 

“2 + 3 + 


+ 


1 


m + 1 

Hence, for m = p — 3 we obtain Pp-z = 0, as required. This completes the 
proof of (|4.2p . 

To complete the proof of (14.ip for p > 5 and n = 1, define A, B, and C 
in k by 

Ap_ 3 (c) = + ce + .... 

Note that by (14.21) we have 


A = —and B = —-a^ ^ = 3Aa. 
2 2 


(4.6) 

By (14.2p and by definition of Ap_ 2 , we have 

Ap_2(C) = AC-^ [(1 + aC + be + ceY~^ - 1 

+ [(1 + aC + beY~^ " 1 

+ ce [(1+ acr - 1] mod {e+Y ■ 

Note that 

(1 + aC + bY + cC^)^"^- 1 = -2aC+ {3a^ - 2b) ^ + {-4^ + Gab - 2c) 

mod (C"^), 

and 

(l + aC + bY)^ ^ - 1 = -aC + (o^ - b) Y mod (C^) • 
























GENERIC PARABOLIC POINTS ARE ISOLATED 


21 


Since by assumption 2p > p + 2, we thus have 
Ap_ 2 (C) = -2aAC,P-^ + A (3a^ - 2b) + A (-40^ + Qah - 2c) 

- 3Aa^Q'P + 3Aa {a^ - b) mod (C^+^) 

= —20^4^^“^ — 2AbQ^ — j 4 (a^ — 3ab + 2c) mod . 


Then we have 


Ap_i(C) = -2AaC^-i 


(l + aC + 6C^ + cC^)^ ^-1 


-2Ahe[{l + a(: + bC^Y -1] 

- A{a^ - Sab + 2c) [(1 + aC)^+^ - l] 


Note that 


mod {(P+Y ■ 


(l + aC + bY + cY)^ ^ - 1 = -aC + (a^ - b) Y + {-a^ + 2ab - c) 

mod (C^) . 

Consequently, since by assumption 2p > p + 3, we thus have 

Ap_i(C) = 2Aa‘^C - 24la (a^ - b) + 2Aa {a^ - 2ab + c) 

— Aa [a^ — Sab + 2c) mod 

= 2Aa^e - ^Aa (a^ - b) C+^ 

+ Aa^ (a^ - b) mod ((P+Y ■ 


It follows that, using 2p > p + 4, we have 

^p(C) = 2^40^^^ [(l + + bY + cY)^ ~ l] 

- 2Aa (a^ - b) (l + aC + bY)^~^^ - 1 

+ Aa^ (a^ - b) [(1 + aCf- l] mod 

= -2240^ (a^ - b) (P^^ - 2Aab (a^ - b) 

+ 2240^ (a^ - b) CP+^ mod (C^+^) 

= -224a2 (a^ - b) CP+^ + 2Aa (a^ - b)^ C^+3 mod (C^+^) . 


Using Ap(C) = fP{C) — Cj A = —aP ^/2, and the definitions of xi and ^i, 
we obtain (j4.ip in the case where p > 5 and n = 1. 

Case 1.3. p > 3 and n >2. We proceed by induction. Since (|4.ip for n = 1 
was shown in Cases 1.1 and 1.2, we can assume that (HU) holds for some 
integer n > 1. Put 

pn+i _ 

9 ■= F", d := -—, a := Xn, and /3 := ^n, 

p-1 

so there is 7 in A: such that 

g{C) = C + mod ■ 
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Note that 

(4.7) d > 4, d=l mod p, Xn+i = —and ^n+i = 

For each integer m > 1 define the power series Am(C) in ^[[C]] inductively 
by Ai(C) := g(C) — C, and for m > 2 by 

A™(C) := A^_i(g(C)) - A^-i(C)- 

Note that Ap(C) = g^iC) - C = - C- 

We first prove 

(4.8) Ap_2(C) = 

mod ^((p-2)<i+4^ , 

We then proceed to calculate Ap_i((C) and Ap{() respectively. Note that (j4.8p 
is true by definition when p = 3. To prove (|4.8p for p > 5, we first prove 

(4.9) Ap_3(C) = -^aP-^C^P-^^'^+^ mod . 

To prove this, for integers m > 1 we define Cm in k inductively by 

m 

Cl := 1, Cm+i := J^(jd + 1) + (md + 2)Cm- 

i=i 

We prove by induction that for m > 1 we have 


' m —1 


(4.10) AmiO = n + Cma^-^K 


md+2 


,i=0 


mod . 


This follows by induction since it holds trivially for m = 1 and for m > 1 
for which this holds we have 


m —1 


Am+i{C)^ ll(^d+l)]a^C 


md-\-l 




md-\-l 


- 1 


(l + aC'^) 

Ylijd + l) I 


) 7 

mod 


md -\-2 


- 1 


u’=l 


+ a™/3^(-+i)rf+2 + 1) + + 2)C„ 


ki=i 


mod ^^(™+i)rf+3^ 
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We then prove that Cp-s = 0. Using that d=l mod p, for m > 2 we have 
that {Cm}m>i satisfies the recursive relation 


Cm+l — (iR + 1)! + {ni + 2)Cmi 

with initial condition Ci = 1. Hence {Cm}m>i satisfies (14.41) and thus Cp -3 = 
0 as shown in Case 1.2. Moreover, using that for m = p—3 we have (p—3)! = 
— 1/2 in k, from (14.101) we thus obtain (|4.9p as asserted. 

The congruence (j4.9p implies that for some A in k the series Ap_ 3 ((^) 
satisfies 


Ap_ 3 (C) = mod . 


Using that d > 4 and that p divides (p — 3)d + 3, we thus have 


Ap_2(C) = 


{p—3)d+l 


- 1 


_|_ ^^(p-3)rf+3 


(i + «C‘^) 


(p—3)d+3 


- 1 


mod ^^(p-2)rf+4^ 


= Q,P-2^(p-2)rf+l ^p-3^^(p-2)d+2 

+ qP-37C(p-2)'^+3 mod ^^(P-2)rf+4^_ 


This completes the proof of p4.8p . 

Using that (14.81) holds for all p > 3, that d > 4, and p divides (p — 2)d + 2, 
we obtain 


Ap_i(C) = (1 + + /3C'^+^ + 

(p-2)d+2 


(p—2)d+l 


- 1 




1 + aC'^ + 

/ \ (p-2)d+3 

(1 + 


-1 


mod ^((P-i)rf+4^ 


= -aP-i^(p-i)d+i _ ^p-2^^(p-i)d+2 

- aP-^-/C^P-^^^+^ + mod ^^(p-i)rf+4 

= _aP-i((p-i)rf+i _ aP-2/3(^(p-iU+2 mod /^(p-iU+4\ 
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Using (j4.7p . we thus have 


Ap(C) = (l + aC"* + 


(p—i)rf+i 


— Q;^“2^^(p-l)rf+2 


(^1 + aC'^ + 


(p-l)d+2 


- 1 



mod 


= _ ^p-2^2^pd+3 ^^pd+4 

= Xn+lC'’"+'+en+lC'’"+' mod(c^"+"). 


Using Ap(() = f^"^^(C) — C aiid the definition of d, this completes the proof 
of (j4.1h for p > 3. 

Case 2. p = 2. We proceed by induction. The case n = 1 follows from the 
fact that for f{() = C + oC^ + + cC^ + dC^ + ■ ■ ■ in k[[C]], using repeatedly 

that p = 2, we have 


fiC) (1 + aC + be + + dCe + ae (1 + aC + 

+ be (l + aC + be)^ + ce (1 + aCe + de mod (C®) 

=(c+ ae+be+ cc^+ de)+ae (i+ ee) 

+be (1+ac+ be) (1+ ee)+ce+de mod (c®) 

=C + a{e — b)e + b{e — b)e mod {(f). 


Let n > 1 be an integer for which (14.ip holds, and note that 
(4.11) Xn+l = Xn-in and Cn+l = il - 


Put ^ _ _ _ 

Ai(C) := no - C and MO ■= Ai {fOO) - Ai(C), 

and note that A 2 (C) = “ C- By our induction hypothesis there is A 

in k such that 

Ai(C) ^ X„r"‘ + mod , 

and therefore 


A2(C) = XnC' 


n+1 


(i + x«C="‘-‘+{„r"+dr"+') 


2"+l 







2"+l+l 




Note that 

(l + + dC^""‘+') -1^0 mod , 
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and 


. on+lii 

mod 

We thus have by (14.lip 

r*'(Q - C = A2(C) ^ Xnine*" + + ‘ mod 

^ X„+iC""" + £„+iC^""+‘ mod , 

This completes the proof of the induction step, and hence of the lemma in 
the case p = 2. 

The proof of Lemma 14.11 is thus complete. □ 

Lemma 4.2. Let p be a prime number, k a field of characteristic p, and 

/(C) = C + ac' + + • • • 

a power series in A:[[C]]. Then for every integer i > 1 we have 
(4.12) /(C) = C + + W - l)a^ + ^^)C^ mod (C/ . 

Proof. We proceed by induction. When t' = 1 the congruence (|4.12ll holds 
by definition of /. Let £ > 1 be an integer for which (14.121) holds. Then 

/+1(C) = C + + /(^ - l)a^ + ib) c^ + a [C + mod (C/ 

= C + (^ + l)aC^ + [m - 1) + 2£)a^ + (£ + 1)6] C^ mod (C/ 

= C + (^ + l)oC^ + [{£ + l)£a^ + {£ + 1)6] C^ mod (C/ . 

This completes the induction step and hence the proof of (I4.12h as required. 

□ 


Proof of the Main Lemma. The case where q = 1 and n = 0 is trivial and 
the case where q = 1 and n > 1 is given by Lemma l4. II In what follows we 
assume q > 2. Put 


+ 00 


7 r(C) := C^ and g{C) := C | 1 + '^ajC 

1=1 


and note that tt o g = g o n. Clearly 

2 , f 9 ( 9 - 1)„2 


g{C) = C + 9“iC + 


Oi + qa2 C 


2 


mod (C^) • 
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Using Lemma 02] with i = q, a = qai, and b = + qa 2 , we obtain 


^(C) ^C + Q{qai)C‘^ 


+ 


q{q - l)iqaif + q 


^(^-1) 2 , 

-r-Oi + qa2 


mod (C”^) 


(4.13) 


= C + AiC' 


+ q 


^ ‘ q{q - 1) + ) a? + 02 mod (C"^) 


= C + q^aie + q^ 


g + 1 


af + 02 mod (C'^) . 


Let j4o, j4i, ..., in A: be such that 

5^(0 = c (1 + ^oC'' + • • • + mod . 

Then we have 

7ro5'^(C) = C'' (l + qAoC^ + • • • + + 'ZA) C^'^) 

mod • 

Together with the semi-conjugacy vro^'? = g^on and with (I4.13p . this implies 

'q^-1' 


Aq = qai,Ai = • • • = Aq-i = 0, and Aq = q 


ai + 02 


This proves the desired assertion when n = 0. 

Fix an integer n > 1. By the semi-conjugacy vr o g''? = ^ o tt, we have vr o 
giP = '^P OTT. On the other hand, by (14.13^ . the definitions of Xq,n and ^q^n-, 
the fact that q^ = qva k, and by Lemma l4.ll with 


a = q^ai and h = q^ [q^ — ^ ^ ] af + g^ 02 , 


we have, using 


that 


2 I. 2 

o — b = q 


9 T f 2 

- 02 I , 


p"»+l-l 


(4.14) (C) = c 1 + qXq,nC + q^q,nC ^ 


3^ + 1 


n+1 _ 


mod ( C 


--rs 
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Together with vr o g'lP = o tt, this implies that there are constants Bq, 
Bi, ..., Bq m k such that 


/ p ^ —1 p ~ —1 

g'^P^iC) = C 1 + + • • • + BqC'^^^^’^ 


mod . 


Consequently, we have 


q P'+^-I 


TT o g'?P'“(C) = ( 1 + g'-BoC''’ P -1 H- h g-BqC''"’ p-i 


mod 


Using TT o giP = '^P o vr and ()4.14p . it follows that 

Bq — ~X.q,m B\ — ■ ■ ■ — Bq—\ — 0, and Bq — ^q,n- 
This completes the proof of the Main Lemma. 


□ 
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